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ABSTRACT The energetics of protein-induced bilayer deformation in systems with finite monolayer equilibrium curvature
were investigated using an elastic membrane model. In this model the bilayer deformation energy Gdef has two major
components: a compression-expansion component and a splay-distortion component, which includes the consequences of
a bilayer curvature frustration due to a monolayer equilibrium curvature, c0, that is different from zero. For any choice of bilayer
material constants, the value of Gdef depends on global bilayer properties, as described by the bilayer material constants,
as well as the energetics of local lipid packing adjacent to the protein. We introduce this dependence on lipid packing through
the contact slope, s, at the protein-bilayer boundary. When c0  0, Gdef can be approximated as a biquadratic function of
s and the monolayer deformation at the protein/bilayer boundary, u0: Gdef  a1u0
2  a2u0s  a3s
2, where a1, a2, and a3 are
functions of the bilayer thickness, the bilayer compression-expansion and splay-distortion moduli, and the inclusion radius
(this expression becomes exact when the Gaussian curvature component of Gdef is negligible). When c0  0, the curvature
frustration contribution is determined by the choice of boundary conditions at the protein-lipid boundary (by the value of s),
and Gdef is the sum of the energy for c0  0 plus the curvature frustration-dependent contribution. When the energetic
penalty for the local lipid packing can be ignored, Gdef will be determined only by the global bilayer properties, and a c0 
0 will tend to promote a local inclusion-induced bilayer thinning. When the energetic penalty for local lipid packing is large,
s will be constrained by the value of c0. In a limiting case, where s is determined only by geometric constraints imposed by
c0, a c0 0 will impede such local bilayer thinning. One cannot predict curvature effects without addressing the proper choice
of boundary conditions at the protein-bilayer contact surface.
INTRODUCTION
Lipid bilayers are self-assembled structures of amphipathic
molecules with material properties similar to those of smec-
tic liquid crystals (Helfrich, 1973; Evans and Hochmuth,
1978). Changes in bilayer shape (lipid packing) therefore
will incur an energetic cost (Helfrich, 1973, 1981). This is
important because the hydrophobic bilayer-spanning do-
mains of integral membrane proteins (Deisenhofer et al.,
1985; Henderson et al., 1990; Doyle et al., 1998) couple the
proteins to the surrounding bilayer (Owicki et al., 1978).
Consequently, when membrane proteins undergo conforma-
tional changes that involve the protein-lipid boundary (Un-
win and Ennis, 1984; Unwin, 1995; Kaback and Wu, 1997;
Sakmar, 1998; Perozo et al., 1998), the structure of the
surrounding bilayer will be perturbed, and the free energy
difference between two protein conformations will vary
with the difference in bilayer deformation energy associated
with the different bilayer perturbations (Gruner, 1991). The
bilayer deformation energies can be evaluated using the
theory of elastic liquid-crystal deformations (Huang, 1986),
and, because the bilayer mechanical properties vary as a
function of the lipid composition (Evans and Needham,
1987; Needham, 1995), the energetics of bilayer-protein
interactions provide for a mechanism by which the bilayer
lipid composition can be a determinant of protein confor-
mation and function.
The bilayer component of biological membranes contains
lipids that in isolation form nonbilayer structures (Luzzati
and Husson, 1962) (see Epand (1997) for a recent summa-
ry), and isolated lipid monolayers at equilibrium may be
nonplanar—they may have a curvature (Cullis and deKrui-
jff, 1979; Gruner, 1985; Seddon, 1990; Lundbæk et al.,
1997; Andersen et al., 1999). This propensity to form non-
bilayer structures is likely to be important. First, many cells
regulate their bilayer lipid composition such that optimal
cell growth occurs close to, but below, the bilayer3
nonbilayer phase transition temperature (Lindblom et al.,
1993; Rilfors et al., 1993; Rietveld et al., 1993) (see Hazel
(1995) for a recent summary). Second, changes in mono-
layer equilibrium curvature modulate the function of many
integral membrane proteins (cf. Epand (1997) for a review),
as well as well-defined model systems (Keller et al., 1993;
Lundbæk and Andersen, 1994; Bezrukov et al., 1995, 1998;
Lundbæk et al., 1996), suggesting that the monolayer equi-
librium curvature could be a modulator of biological func-
tion (Gruner, 1985; Hui, 1997).
The monolayer equilibrium curvature is determined by
the effective “shapes” of the monolayer-forming lipids,
which in turn are determined by the variation of the lateral
stress or pressure profile t(z) through the monolayer (see
Fig. 1 a). For an isolated, planar monolayer at equilibrium,
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the integral of the profile t(z) over the monolayer thickness
is zero (Seddon, 1990), and the average molecular shape of
the lipids is cylindrical. If the (unperturbed) lipid molecules
are not cylindrical, the positive and negative stresses are not
symmetrical about a neutral surface (a surface where the
area does not change with changes in monolayer curvature;
Rand et al., 1990; Templer et al., 1994), and there will be a
bending moment, or torque, around this surface. A nonzero
bending moment means that the monolayer will tend to
curve away from a planar geometry, toward its equilibrium
curvature c0 (Fig. 1 b).
Whatever the monolayer equilibrium curvature, the two
monolayers must adapt to one another to form a bilayer. In
the case of symmetrical bilayers, the bilayer curvature will
be zero. Thus, for lipid molecules that form curved mono-
layers, the adaptation involves a change in the effective lipid
shape, from noncylindrical to cylindrical (Seddon, 1990)
(Fig. 1 c). This change in shape means that energy is stored
in the bilayer—the so-called curvature frustration energy
(Gruner, 1985; Sadoc and Charvolin, 1986). Inclusions (lip-
ids or proteins) that perturb the bilayer will alter the local
energy density; conversely, inclusions may be affected by
the deformation energy, which will affect protein function
(Andersen et al., 1999).
THEORY
Continuum analyses of bilayer configurations are based on
the concept of bilayer elasticity. Any planar bilayer config-
uration is endowed with a potential (elastic) energy. A
change in bilayer configuration causes a reversible change
in energy, and configurations with the lowest energy are the
most likely to occur. The symbols used in this article are
defined in Table 1.
Formulating the model
A length mismatch between the thickness of the hydropho-
bic core of an unperturbed bilayer, d0, and the length, l, of
the hydrophobic exterior surface of a bilayer inclusion, an
integral membrane protein, will introduce an elastic defor-
mation of the bilayer in the vicinity of the inclusion (Fig.
2 a). When the strength of the hydrophobic interactions
between the bilayer-spanning part of the protein and the
bilayer core is strong enough to ensure that there is no
exposure of hydrophobic residues to water, when there is
strong hydrophobic coupling (Andersen et al., 1999), the
bilayer deformation at the inclusion/bilayer boundary will
be d0  l.
The ensuing bilayer deformation energy arises from con-
tributions due to changes in bilayer thickness (with an
associated energy density Ka(2u/d0)
2, where Ka is the com-
pression-expansion modulus and u is the local perturbation
in monolayer thickness) and changes in monolayer curva-
ture (with an associated energy density Kc(c1 c2 c0)
2/2,
where Kc is the mean splay distortion modulus and c1 and c2
are the principal monolayer curvatures) (Helfrich, 1973;
Huang, 1986) (Fig. 2 b). In addition to these major contri-
butions, there are two minor contributions: a surface-tension
term, which previous analyses have shown to be negligible
(Huang, 1986; Helfrich and Jakobsson, 1990; Nielsen et al.,
1998), and a Gaussian curvature energy term with associ-
ated energy density Kc(c1c2)
2/2, which also is negligible
(see Appendix).
Besides the above energy contributions, there also may be
an energetic cost associated with packing the lipids in
immediate contact with the inclusion, which arises because
the presence of the inclusion will decrease the range of
motion of the bilayer lipids (Chiu et al., 1991, 1999; Woolf
and Roux, 1996). The total deformation energy therefore is
Gdef Gcontinuum Gpacking , (1)
FIGURE 1 Intermolecular forces, lipid shape, monolayer curvature, and
bilayer stress. (a) Effective lipid shape (left) together with intermolecular
interactions (center) determines the lateral pressure profile in a monolayer
(right). (b) The spontaneous radius of curvature R0 together with an
(arbitrary) assignment of a surface normal determines the monolayer
equilibrium curvature c0. (c) Monolayers with equilibrium curvature c0 
0 change their effective lipid molecular shape from cones to cylinders to
form a (frustrated) planar bilayer.
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where Gcontinuum is the continuum contribution to Gdef,
due to the Ka(2u0/d0)
2/2 and Kc(c1  c2  c0)
2/2 energy
densities, and Gpacking denotes the (local) energetic cost
due to the inclusion-induced packing constraints, which we
will incorporate through the choice of boundary conditions
used to solve the continuum problem.
In the case of uniform single component bilayers that are
symmetrical about an unperturbed bilayer midplane, the
continuum contribution to the bilayer deformation energy
induced by a cylindrical inclusion with radius r0 is obtained
by integrating the energy densities over the perturbed area:
Gcontinuum

1
2 
r0
 Ka2ud0
2
 Kc	c1 c2 c0

22r dr

1
2 
r0

Kcc0
2 2r dr

r0
 Ka2ud0
2
 Kc	c1 c2

2 2Kc	c1 c2
c0r dr,
(2)
where Kcc0
2/2 is the curvature frustration energy density in
the unperturbed bilayer. The material constants, Ka and Kc,
have been determined in “macroscopic” continuum mea-
surements (Evans and Hochmuth, 1978; Evans et al., 1995);
it is not clear, however, whether these values are appropriate
for describing bilayer deformations (cf. Helfrich, 1981).
To solve Eq. 2, which also will establish the deformation
profile, one needs four boundary conditions. The first two
are straightforward, as they describe the unperturbed bilayer
far from the inclusion:
u	
 0 (3a)
and
u
r


 0, (3b)
where u(r) denotes the monolayer perturbation as a function
of r. The last two boundary conditions describe the per-
turbed bilayer at the inclusion/bilayer boundary and are
subject to uncertainty.
For the third boundary condition, we assume that there is
strong hydrophobic coupling, in which case the initial
monolayer deformation u0, at r  r0, will be determined by
TABLE 1 List of symbols
Symbol Meaning Unit
RHead Effective lipid headgroup radius nm
t(z) Lateral pressure profile pN/nm2
Ka Area compression-expansion modulus pN/nm
Kc Mean splay-distortion modulus pN nm
Kc Gaussian splay-distortion modulus pN nm
u Monolayer perturbation nm
u0 Monolayer deformation at inclusion-bilayer boundary nm
r Radial distance from inclusion symmetry axis nm
r0 r at inclusion-bilayer boundary nm
r Radial distance in the limit where u(r)  0 nm
d0 Equilibrium bilayer thickness nm
l Hydrophobic length of inclusion nm
lo Hydrophobic length of model protein in the open state nm
lc Hydrophobic length of model protein in the closed state nm
s Contact slope at inclusion-bilayer boundary
smin Relaxed contact slope when Gdef/s  0
c0 Monolayer equilibrium curvature nm
1
c1,c2 Principal curvatures nm
1
Gdef,c00 Total deformation energy for c0  0 kT
Gdef Total deformation energy kT
GCE Nominal compression-expansion energy component kT
GSD Nominal splay-distortion energy component kT
GMEC Nominal monolayer equilibrium curvature energy kT
GGC Nominal Gaussian curvature energy component kT
HB Bilayer spring constant kT/nm
2
ai Coefficients in the quadratic expression for Gdef,c0 See Table 5
ai
CE Coefficients in the quadratic expression for GCE,c0 See Table 6
ai
SD Coefficients in the quadratic expression for GSD,c0 See Table 7
na,i, nc,i, nd,i, nr,i Exponents for the ai’s in the scaling relations
aa,i, ac,i, ad,i, a r,i Multiplicative coefficients for the scaling relations See Tables 5–7
aˆa,i, aˆc,i, aˆd,i, aˆr,i Additive coefficients for the scaling relations See Tables 5–7
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the mismatch between l and d0:
u0 u	r0

d0 l
2
. (3c)
Equation 3c will not hold generally, as the bilayer defor-
mation may be so large that the incremental change in the
deformation energy may exceed the energetic penalty for
exposing hydrophobic residues to water (Andersen et al.,
1999; Lundbæk and Andersen, 1999).
The energetic consequences of lipid packing adjacent
to the inclusion are introduced through the choice of the
fourth boundary condition. If Gpacking  0, then Gdef 
Gcontinuum, and the minimum value of Gcontinuum is at-
tained when (Landau and Lifshitz, 1986)
2ur0 0, (3d)
or, equivalently, when Gcontinuum/s  0, where s 
u/rr0. That is, if one can neglect any molecular detail at
the inclusion/lipid boundary, then s will relax toward the
value for which Gcontinuum is a minimum (Helfrich and
Jakobsson, 1990), which we denote by s smin. We refer to
Eq. 3d as the relaxed boundary condition and use the
superscript rel whenever Eq. 3d applies.
The liquid-crystalline characteristics of lipid bilayers
generally will make Gpacking  0, in which case it is
necessary to introduce molecular detail to describe the con-
straints on the lipid packing (Ring, 1996). Given the known
variation of Gcontinuum with s (Huang, 1986; Helfrich and
Jakobsson, 1990), we introduce the lipid packing constraints
by constraining the value of s. For example, if a rigid
cylindrical inclusion is imbedded in a bilayer composed of
effectively cylindrical molecules, s will be close to zero
because there can be no voids in the bilayer core at the
lipid-protein boundary. We therefore choose the fourth
boundary condition to be
u
r

r0
 0 or s 0. (3e)
This boundary condition is in concordance with experimen-
tal results on the variation in gramicidin channel lifetime
with bilayer thickness (Huang, 1986; Lundbæk and
Andersen, 1999). Its physical significance is that the acyl
chain movement adjacent to the inclusion will be con-
strained (cf. Chiu et al., 1999). If the lipid molecules in
successive rings around the inclusion were free to slide
relative to each other, the acyl chains in each monolayer
would tilt with respect to the monolayer surface, and the
lipid director would no longer be parallel to the surface
normal, or s 0. In the limit where the energetic penalty for
tilt vanishes, s will become equal to smin.
If the lipid shape is changed, from cylindrical to cone-
shaped, but the penalty for tilt remains, a void-free align-
ment of the lipids around a cylindrical inclusion would
mean that
u
r

r0
 tan	arcsin	RHeadc0

 RHeadc0 for RHeadc0  1,
(3f)
where Rhead is the effective radius of the lipid headgroup.
Equation 3f is an approximation, as it is assumed that the
inclusion, or the inclusion-induced bilayer deformation,
does not perturb the lipid shape. Accepting this, Eq. 3f is
accurate to within 1% for 0.3  Rheadc0  0.3. (Equation
3e describes the special case where c0  0.) We refer to Eq.
FIGURE 2 Inclusion-induced bilayer deformations and local curvature.
(a) When d0  l, hydrophobic matching at the inclusion/bilayer boundary
will cause the two monolayers to bend and thin or thicken, which gives rise
to a bilayer deformation energy. For symmetrical bilayers and symmetrical
cylindrical deformations, the problem can be reduced to a radially varying
deformation of a monolayer with an unperturbed thickness d0/2, where z
u(r) denotes the perturbation in monolayer thickness at distance r from the
inclusion axis. At the inclusion/bilayer boundary (at r0), the deformation is
u0. The slope of the deformation at the contact surface, du/drr0, is denoted
by s. (b) Local curvature. The position of a point P on the surface is given
by r  (x, y, u(x, y)); the associated area element normal is n. The two
directors whose curvatures are extrema are the principal directions; the
corresponding principal curvatures are c1  1/R1 and c2  1/R2.
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3f as the constrained boundary condition, and use the su-
perscript con whenever Eq. 3f applies. (One can similarly
assign the value of u/rr0 for noncylindrical inclusions.)
Because of the uncertainties about the lipid packing
around an inclusion, which has an impact on the choice of
s, we examine how Gdef varies for different choices of s.
Solution to the model
Examination of Eq. 2 shows that Gcontinuum, which from
now on is equivalent to Gdef (subject to the value of s), is
composed of two terms that formally are independent of c0
and a term that explicitly depends on c0. This distinction
between (formally) c0-dependent and c0-independent terms
becomes useful when the solution to the problem is
formulated, as it turns out to be advantageous to evaluate
separately the value of Gdef for c0  0, which will be
denoted Gdef,c00, and then add the explicitly c0-dependent
contribution.
When c0  0 the bilayer deformation energy can be
written as
Gdef,c00 GCE,c00 GSD,c00 , (4)
where GCE,c00 is the compression-expansion component
GCE,c00Ka
r0
 2ud0
2
r dr (5)
and GSD,c00 is the splay-distortion component
GSD,c00Kc
r0

	c1 c2

2r dr. (6)
(The c1c2-dependent (or Gaussian curvature) term is negli-
gible compared to the other c0-independent terms (see Ap-
pendix).) The c0-dependent term in Eq. 2 depends on the
fourth boundary condition only and can be written in closed
form (Ring, 1996):
GMEC2Kcc0
r0

	c1 c2
r dr
2Kcc0
r0
 1r ur  
2u
r2r dr
 2Kcc0r0s. (7)
Combining Eqs. 4–7, Gdef can be written as
Gdef Gdef,c00 GMEC
 GCE,c00 GSD,c00 GMEC. (8)
The general solution to Eq. 4 is quadratic in u0 and s
(Nielsen et al., 1998):
Gdef,c00 a1u0
2 a2u0s a3s
2, (9)
where the coefficients a1, a2, and a3 are functions of the
mechanical moduli (Ka and Kc), r0 and d0, the parameters
that describe the bilayer-inclusion system (scaling relations
that allow these coefficients to be determined for any choice
of Ka, Kc, r0, and d0 will be described in the Results section).
Not only Gdef,c00, but also the component energies
(GCE,c00 and GSD,c00) are biquadratic functions of u0
and s:
GCE,c00 a1
CE u0
2 a2
CE u0s a3
CE s2 (10a)
and
GSD,c00 a1
SD u0
2 a2
SD u0s a3
SD s2, (10b)
which is important when evaluating the various contribu-
tions to Gdef.
For the constrained boundary condition and c0  0, s 
0 and
Gdef,c00
con  a1u0
2 . (11a)
The bilayer deformation energy thus is equivalent to the
energy stored in a linear spring, and it is convenient to
define a bilayer spring constant as
HB
con a1/4. (11b)
For the relaxed boundary condition and c0 0, Gdef,c00/
s  0 and
smin
a2
2a3
u0 , (12)
or
Gdef,c00
rel  	a1 a2
2/4a3
u0
2 , (13a)
which again is equivalent to the energy stored in a linear
spring with the bilayer spring constant
HB
rel a1 a224a3/4. (13b)
Equations 8, 9, 11a, b, and 13a, b provide a basis for
describing the energetic consequences of inclusion-induced
bilayer deformations. For either boundary condition used
here, Gdef,c00 can be described by a linear spring model
with a characteristic bilayer spring constant,
Gdef,c00 HB	2u0

2. (14)
The magnitude of the spring constant varies with the choice
of boundary conditions (Eq. 3d or 3e) used to describe the
lipid packing at the inclusion/lipid contact surface (cf. Eqs.
11b and 13b).
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When c0  0, the expression for Gdef (Eq. 8) contains,
in addition to the quadratic terms describing Gdef,c00 (cf.
Eq. 9), a GMEC term that is linear in s (Eq. 7), which has
important consequences for the Gdef(u0) relations.
REFERENCE SYSTEMS
Bilayer material constants
To evaluate the quantitative importance of the inclusion-
induced deformation energy, we use experimental values of
Ka and Kc for 1-stearoyl-2-oleoyl-phosphatidylcholine
(SOPC), alone and with cholesterol; dioleoylphosphatidyl-
choline (DOPC); and glycerolmonooleate (GMO). SOPC is
the reference phospholipid because its 18:0/18:1 chain com-
position approximates the average acyl chain composition
of biological membranes (Marsh, 1990). To illustrate how
the results can be extended to other systems, we use scaling
relations to estimate Gdef in different systems. The scaling
relations were evaluated using, first, bilayers composed of
an equimolar SOPC and cholesterol mixture, which in-
creases Ka and Kc by three- to fourfold relative to SOPC;
second, bilayers composed of DOPC, in which Kc is de-
creased by fourfold with little change in Ka, which reduces
the relevant length scale by 1/2 (Nielsen et al., 1998); and
third, bilayers composed of GMO, which decreases Ka/Kc
by twofold and for which there is an experimental estimate
for HB (Lundbæk and Andersen, 1999). The material con-
stants for the four systems are listed in Table 2. There is
variability among the values of material constants obtained
by different investigators (cf. Needham, 1995; Nielsen et
al., 1998). The values in Table 2 serve as reference points
only; one can use the scaling relations to evaluate the bilayer
deformation energy for any choice of material constants.
Protein models
The effects of lipid composition (bilayer mechanical char-
acteristics) on the conformational equilibrium in membrane
proteins were evaluated using, first, the transmembrane
dimerization of gramicidin (gA) channels, and, second, the
close7open transition in gap junction channels. The chan-
nels are treated as rigid cylinders with the dimensions listed
in Table 3.
RESULTS
Given the structures of Eqs. 8 and 9, it is useful to start out
by exploring the consequences of the biquadratic relation
between Gdef,c00, u0, and s (Eq. 9). The reference system
will be a membrane-spanning protein with r0  3.0 nm
(corresponding to a gap junction channel) in a bilayer with
properties similar to those of a SOPC bilayer with d0  3.0
nm; the reference deformation will be a hydrophobic mis-
match of 0.2 nm (2u0  d0  l).
The biquadratic nature of the deformation energy
Fig. 3 shows numerical evaluations of Eq. 2 for the refer-
ence system and c0  0. Fig. 3 a shows how smin varies as
a linear function of u0. The compression-expansion and
splay-distortion components of Gdef,c00
rel , taken together,
lead to a surprising simplicity (Eq. 12). Fig. 3 b shows the
corresponding relation between u0 and Gdef,c00
rel , which is
described by a linear spring formalism (cf. Eq. 13a). Fig. 3,
c and d, shows solutions of Eq. 2 as functions of u0 (for
three fixed values of s) and s (for three fixed values of u0).
In each case s  0 or u0  0 preserves the shape of the
quadratic curve but shifts the position of the minimum. The
importance of the boundary conditions at r0 is seen by
comparing Fig. 3 b with Fig. 3, c and d.
The coefficients a1, a2, and a3, which describe the sys-
tem, are listed in Table 4, together with the coefficients
a1
CE  a3
CE and a1
SD  a3
SD. Given these values, smin 
0.86u0 (where u0 is in nm); the two spring constants are
HB
con  88.8kT/nm2 (Eq. 11b) and HB
rel  35.6kT/nm2 (Eq.
13b). For a given deformation, the bilayer deformation
energy varies by a factor of 2.5 for the constrained as
compared to the relaxed boundary condition.
The relaxed boundary condition
Combining Eqs. 7 and 9, Gdef can be expressed as a
function of u0 and s:
Gdef	u0 , s
 a1u0
2 	a2u0 
s a3s
2, (15)TABLE 2 Bilayer parameters
Parameter d0 Ka Kc RHead
Units nm pN/nm pN  nm nm
SOPC 3.0c 193f 90i 0.45f
SOPC:Chol (1:1) 3.3c 781f 246i 0.37f
DOPC 2.6b 188e 20h 0.48g
GMO 2.3a 140d 36g 0.36g
The SOPC reference values are denoted by asterisks in the scaling relations
(Eqs. 37–39). References: a Waldbillig and Szabo (1979), Elliott et al.
(1983). b Benz and Janko (1976). c Estimated values. d Chung and Caffrey
(1994). e Tristram-Nagle et al. (1998). f Needham and Nunn (1990). g
White (1978), Hladky and Gruen (1982). h Niggemann et al. (1995). i
Evans and Rawicz (1990). Rawicz et al. (2000) have recently determined
somewhat larger values for Ka and Kc in SOPC.
TABLE 3 Inclusion parameters
Inclusion
Reference r0/nm 3.0
u0/nm 0.1
gA channel r0/nm 1.0
l/nm 2.17
Gap junction open r0/nm 3.0
lo/nm 2.985
Gap junction closed r0/nm 3.0
lc/nm 3.015
The reference r0 is denoted by an asterisk in the scaling relations (Eq. 38).
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where  (2Kcr0c0) incorporates the GMEC contribution
to Gdef. For the relaxed boundary condition and c0 0, the
value of s for which Gdef is a minimum is
smin
	a2u0 

2a3
. (16)
Substituting Eq. 16 into Eq. 15,
Gdef
rel 	u0 , c0

 a1u0
2 	a2u0 
a2u0 2a3  a3a2u0 2a3 
2

	Kcr0

2
a3
c0
2
a2Kcr0
a3
u0c0
 a1 a224a3u02 . (17)
Fig. 4 shows Gdef
rel as a function of c0 for fixed u0, and vice
versa. In either case, a u0 (or c0) different from zero will
translate the Gdef
rel versus u0 (or c0) relation in the plane; but
the basic relation, as exemplified by the spring constant, is
invariant.
For any choice of u0 or c0, the value of Gdef
rel is that
which minimizes the sum of the three component energies.
To understand the interplay between these components, we
analyze first the situation where c0 is a free parameter (Fig.
4 a), then the situation where u0 is a free parameter (Fig. 4 b).
TABLE 4 ai’s for the reference deformation in a SOPC bilayer
i Units for a* a*i ai
CE ai
SD
1 kT/nm2 355 248 107
2 kT/nm 495 228 267
3 kT 288 73 215
FIGURE 3 Bilayer deformations and deformation energies. (a) The relation between smin and u0 (Eq. 12) for a SOPC bilayer. (b–d) Numerical evaluation
of Gdef,c00 (Eq. 4). The curves can be described by Eq. 9, using the a*1  a*3 values from Table 4. (b) Gdef,c00 for the relaxed boundary condition (Eq.
3d) as a function of the initial deformation u0. (c) Gdef,c00 as a function of u0 for constrained values of s  0.25 (– –), s  0 (—), and s  0.25
(. . . . . .). (d) Gdef as a function of s for constrained values of u0  0.1 (– –), u0  0 (—), and u0  0.1 (. . . . . .) nm.
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For a given u0, how will the monolayer equilibrium
curvature effect the deformation energy? For a fixed
u0, Gdef
rel (c0) goes through a global maximum. That is,
Gdef
rel (c0) will have two balance points where Gdef
rel (c0) 
0. At these points, Gdef,c00
rel is exactly balanced by the
release of curvature frustration energy due to the monolayer
bending. For a fixed u0  0 (Fig. 4 a), a small positive c0
can make Gdef
rel (c0)  0; somewhat surprisingly, a large
negative c0 also can make Gdef
rel (c0)  0.
For a fixed u0, s 0 at the global maximum for Gdef
rel (c0)
because Gdef
rel /  s. Using Eq. 16, the curvature at the
maximum is
c0maxa2/2Kcr0u0 , (18a)
and, combining Eqs. 17 and 18a,
Gdef
rel 	c0
max a1u02 , (18b)
which is formally identical to Gdef,c00
con (Eq. 14 with the
spring constant given by Eq. 11b). The similarity is appar-
ent, however, because c0max is a function of u0 (Eq. 18a);
but the result highlights the interactions between the bilayer
material constants and the boundary conditions in determin-
ing Gdef.
For a given c0, how will a u0  0 effect Gdef? For a
fixed c0, Gdef
rel (u0) will go through a global minimum (Fig.
4 b); when c0  0, Gdef
rel (u0)min  0. For c0  0, a large
positive u0 (and a negative u0 of more modest magnitude)
can make Gdef
rel (u0)  0 (Fig. 4 b). These balance points
arise from the exact match between the release of curvature
stress and Gdef,c00
rel . The situation is similar for c0 0, but
the sign of u0 is reversed (results not shown).
The minimum of Gdef
rel (u0) denotes how much energy
can be released by an inclusion-induced deviation from a
planar bilayer geometry. The deformation at the minimum
is given by
u0min
2a2Kcroc0
4a1a3 a2
2  a2Kcr08a3HBrel 	c0 (19a)
and
Gdef
rel 	u0
min a1	Kcro
2a1a3 	a2/2
2	c02 . (19b)
When c0 0 the minimum for Gdef occurs at u0 0. That
is, a bilayer inclusion can relieve the local bilayer curvature
stress, or, alternatively, the potential energy density associ-
ated with the bilayer curvature stress can drive a protein
conformational change. The energy release is
Gdef
rel 	0 3 u0min
 Gdefrel 	u0min
 Gdefrel 	0

	a22 8a1a3
	Kcr0
2a3	a22 4a1a3
 	c02 . (20)
For the reference deformation, and c0  0.1 nm
1, this
energy is 2.4kT. It should be compared with the curvature
frustration energy: 3.1kT if the curvature frustration en-
ergy density, Kcc0
2/2, is integrated over the inclusion area,
and 5.3kT if the energy density is integrated over the area
of the inclusion plus the first annulus of lipid molecules
surrounding the inclusion. Only 75% of the frustration
energy (50% if we include the first lipid annulus in the
appropriate area) is tapped by the 0 3 u0min release.
To further understand how c0  0 affects the bilayer
deformation profile and energy, it is helpful to decompose
Gdef
rel (c0) using an expression similar to Eq. 8:
Gdef
rel 	c0 , u0
 GCE
rel 	c0 , u0
 GSD
rel 	c0 , u0

 GMEC
rel 	c0 , u0
. (21)
GCE
rel (c0, u0) and GSD
rel (c0, u0) are biquadratic functions of
u0 and s (Eq. 10a, b), and they can be written using Eq. 16
FIGURE 4 Effect of c0 and u0 on Gdef for the s  smin boundary
condition. (a) Gdef
rel (c0) for u0  0 (—), 0.1 (– –), 0.2 (. . . . . .), and
0.3 (–––) nm. (b) Gdef
rel (u0) for c0  0 (—), 0.1 (– –), 0.2 (. . . . . .),
and0.3 (–––) nm1. When u0 0, the situation is similar, with the sign
of c0 reversed (results not shown).
2590 Nielsen and Andersen
Biophysical Journal 79(5) 2583–2604
as
GCE
rel 	c0 , u0
 a3CE	Kcr0
2a32 c02 a3
CEa2
a3
2 
a2
CE
a3
Kcr0u0c0
 a1CE a2CEa22a3  a3
CEa2
2
4a3
2 u02 (22a)
and
GSD
rel 	c0 , u0
 a3SD	Kcr0
2a32 c02 a3
SDa2
a3
2 
a2
SD
a3
Kcr0u0c0
 a1SD a2SDa22a3  a3
SDa2
2
4a3
2 u02 . (22b)
Similarly, GMEC
rel (c0) can be written as
GMEC
rel 	c0 , u0
2	Kcr0
2a3 c02 Kcr0a2a3 u0c0 .
(23)
Fig. 5 shows GCE
rel (c0), GSD
rel (c0), GMEC
rel (c0), and
Gdef
rel (c0) for the reference deformation. GCE
rel (c0) and
GSD
rel (c0) are always positive: GSD
rel (c0) has a minimum for
c0 0 and GCE
rel (c0) has a minimum for c0 0. GMEC
rel (c0)
has a maximum ( 0) and becomes negative for large
negative and positive values of c0. GMEC
rel (c0)  0 when
either c0  0 or s  0 (cf. Eq. 7).
The maximum value of Gdef
rel (c0) is  0, and it is im-
portant to understand the behavior at the two balance points,
where Gdef
rel (c0)  0, where the system has “tapped” the
potential energy stored in the curvature frustration energy.
The balance points occur when the discriminant of Eq. 15 is
zero:

	a1u0 
2 4a3a1u02 0, (24)
which is the case when
  2Kcc0r0a2u0	 2u0
a3a1 . (25)
Equation 25 can be solved for u0 (at a fixed c0) or c0 (at a
fixed u0):
c0
a2u0	 2u0
a3a1
2Kcr0
(26a)
u0
2Kcc0r0
a2	 2
a3a1 . (26b)
Combining Eqs. 15 and 25, the s values that satisfy the
Gdef
rel (c0)  0 condition are
s 
 u0
a1a3 . (27)
To understand the two solutions, consider a hypothetical
situation where c0 is varied by pharmacological manipula-
tions, with no change in the other material constants. When
c0  0, there will be a finite bilayer deformation energy
when u0  0. For a fixed u0, it is possible to change c0 such
that the local relief of curvature stress around the inclusion
will balance exactly the deformation energy at c0  0. This
balance can occur for two different values of c0. The origin
of the two balance points is seen in Fig. 6 a, which shows
how the c0-dependent translation of the Gdef,c00
rel (s) curve
gives rise to two different solutions for GMEC
rel (c0), where
c0 is determined by Eq. 26a. The solution for c0  0 makes
intuitive sense because u0  0. A positive curvature will
facilitate the dimpling needed to satisfy the demand for
hydrophobic matching. The counterintuitive solution for
c0  0 arises because it is the sum of the CE, SD, and MEC
contributions to Gdef
rel that is minimized. The bilayer can
relieve its curvature stress by assuming another positive
value of smin, which leads to a different profile for the
component energies. Fig. 6 b shows the two u0 versus c0
relations (Eq. 26b), and Fig. 6, c and d, shows the mono-
layer deformation profiles for the two solutions. For either
solution, the profile is nonmonotonic. As expected, the
nonmonotonic shape is most pronounced for c0  0 (Fig.
6 d).
To understand the relationship between Gdef
rel and u0 (for
a fixed c0  0), we examine the underlying energy compo-
nents (Fig. 7). GCE
rel (u0) and GSD
rel (u0) (Eq. 22a, b) are
always positive (Fig. 7 a); GSD
rel (u0) has a minimum for
u0 0, whereas the minimum for GCE
rel (u0) occurs for u0
0 (for c0  0). GMEC
rel (u0) is a linear function of u0 (Eq. 28)
and becomes negative when u0  2Kcr0c0/a2. The mag-
nitude of GMEC
rel (u0) ensures that the global minimum for
Gdef
rel (u0) will be negative (Eq. 19b). The GMEC
rel (u0) con-
tribution will promote a nonplanar profile of the bilayer-
solution interface in the vicinity of the inclusion, which
means that the curvature stress (due to c0  0) can “drive”
FIGURE 5 Effect of c0 on Gdef
rel for a fixed u0 (0.1 nm): Gdef
rel (c0)
(—) and its components. – – – –, GCE
rel (c0); . . . . . ., GSD
rel (c0); –––,
GMEC
rel (c0).
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a membrane protein conformational change. The monolayer
deformation profile at the minimum is shown in Fig. 7 b;
again the profile is nonmonotonic.
The constrained boundary condition
For s  0 the GMEC contribution to Gdef
con is zero (Eq. 7).
The combination c0  0 and s  0 is unlikely, however,
because a close alignment of noncylindrical lipid molecules
around the inclusion will tend to force s to be different from
zero. Geometric arguments lead to Eq. 3f as a limiting
boundary condition, in which case,
Gdef
con	c0 , u0
 a1u0
2 	a2u0 
RHeadc0 a3	RHeadc0

2
 	2Kcr0RHead a3RHead
2 
c0
2 RHeada2u0c0
 a1u0
2 . (28)
Fig. 8 shows Gdef
con as a function of c0 for fixed u0, and vice
versa. A c0 (or u0) different from zero will translate the
Gdef
con versus u0 (or c0) relation in the plane (cf. Eq. 28); but,
as was the case for the relaxed boundary condition, the basic
relation is invariant. First, we describe the situation where
c0 is a free parameter (Fig. 8 a); then we describe the
situation where u0 is a free parameter (Fig. 8 b).
For fixed u0, Eq. 28 has a global minimum at
c0min a22	2Kcr0 a3RHead
	u0 , (29a)
where
Gdef
con	c0 , u0
min a1 a224		2Kcr0/RHead
 a3
	u02 .
(29b)
When compared to the relaxed boundary condition (Eq. 17),
the effects of a given c0  0 are qualitatively different for
the constrained boundary condition (cf. Figs. 4 a and 8 a).
Importantly, the shapes of the Gdef
con(c0) relations are quite
different for the two boundary conditions.
The importance of the lipid packing constraints can be
illustrated by comparing the spring constant in Eq. 29b with
the ones in Eqs. 11a and 13a. Because 2Kcr0/RHead  0,
the spring constant in Eq. 29b is larger than a1  a2
2/4a3 but
FIGURE 6 Effect of c0 on Gdef and the deformation profile. (a) Effect of monolayer curvature on Gdef(s) for a fixed u0 (0.1 nm). —, Gdef,c00.
– – and . . . . . . are the Gdef(s) relations that satisfy the Gdef
rel (c0)  0 condition (where c0 is determined by Eq. 26a). The corresponding GMEC
contributions are shown as dotted dashed lines (labeled (1) and (2)). (b) The two solutions for u0 as function of c0 (Eq. 26b). The two Gdef(s) 0 solutions
from a are labeled (1) and (2). (c) The monolayer deformation profile for c0  0.035 nm
1 and s  0.111 (solution (1)). (d) The monolayer deformation
profile for c0  0.271 nm
1 and s  0.111 (solution (2)).
2592 Nielsen and Andersen
Biophysical Journal 79(5) 2583–2604
less than a1. Using the standard parameter set, Gdef
con(c0,
0.1)min  3.0kT (u0 in nm), which should be compared to
Gdef,c00
rel  1.4kT and Gdef,c00
con  3.6kT. The curvature
is allowed to vary, such that the system relaxes toward its
minimum energy configuration, but the deformation energy
is twofold higher than Gdef,c00
rel and close to Gdef,c00
con .
The constraints imposed by the local lipid packing around
the inclusion have important consequences for the bilayer
deformation energy.
For the constrained boundary condition, how will a c0 
0 affect the inclusion-induced deformation energy? The
deformation energy is always positive (Fig. 8 b), and, for
fixed c0, Gdef
con(c0, u0) has a global minimum at
u0minRHeada22a1 	c0 , (30a)
in which case
Gdef
con	u0min
 2Kcr0RHead RHead2 	4a1a3 a22
4a1 	c02 .
(30b)
That is, there is a linear relation between this minimum
bilayer deformation and c0, and the minimum deformation
energy varies as a quadratic function of c0; but
Gdef
con(u0)min  0. The energy that is released when u0
changes from 0 to u0min can “drive” a protein conforma-
tional change. This energy is
Gdef
con	0 3 u0min
 Gdefcon	u0min
 Gdefcon	0


RHead
2 a2
2 c0
2
4a1
HB
con	2u0min
2,
(31)
an expression that should be compared to Eq. 11a, b and Eq.
20. (Using Eq. 3f, an inclusion will induce a nonplanar
bilayer deformation when c0  0, even though u0  0, and
Gdef
con(c0, 0) denotes the curvature stress induced by the
finite c0 over the bilayer that is perturbed by the inclusion.)
For the reference deformation, Gdef
con(0 3 u0min) 
0.39kT; only 13% (7% if we include the first lipid annu-
FIGURE 7 Effect of u0 on Gdef
rel and the deformation profile for a fixed
c0 (0.1 nm
1). (a) Gdef
rel (u0) (—), GCE
rel (u0) (– –), GSD
rel (u0) (. . . . . .),
and GMEC
rel (u0) (–––). The minimum for Gdef
rel (u0) is 3.81kT (u0 
0.127 nm); the corresponding smin  0.182. (b) The monolayer defor-
mation profile for these values of u0 and smin.
FIGURE 8 Effect of curvature on Gdef
con in the reference system. (a)
Gdef
con(c0) for u0 0 (—), 0.1 (– –), and 0.2 (. . . . . .) nm. (b) Gdef
con(u0) for
c0  0 (—), 0.1 (– –), and 0.2 (. . . . . .) nm
1.
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lus) of the frustration energy (3.1kT) is tapped by the 0 3
u0min release. This very modest release of the curvature
frustration energy results from the c0-dependent constraints
on s (Eq. 3f), which are in a direction opposite that of the
one that in a straightforward manner would release the
curvature-induced stress.
Again, it is useful to decompose Gdef
con into the compo-
nent energies:
Gdef
con	c0 , u0
 GCE
con	c0 , u0
 GSD
con	c0 , u0

 GMEC
con 	c0 , u0
, (32)
where
GCE
con	c0 , u0
 a1
CE u0
2 a2
CE u0RHeadc0 a3
CE	RHeadc0

2
(33a)
GSD
con	c0 , u0
 a1
SD u0
2 a2
SD u0RHeadc0 a3
SD	RHeadc0

2
(33b)
and
GMEC
con 	c0 , u0
 2Kcr0RHeadc0
2 . (34)
Fig. 9 a shows results with c0 as a free parameter (u0 
0.1 nm). GCE
con(c0), GSD
con(c0), and GMEC
con (c0), as well as
Gdef
con(c0), are all 0. GCE
con(c0) and GSD
con(c0) are positive
definite with global minima for c0  0 (because u0  0).
The global minimum for GMEC
con (c0) is zero and occurs at
c0 0. Gdef
con(c0) is always positive with a global minimum
at c0  0 (when u0  0). The curvature contribution to
Gdef
con(c0) will promote a nonplanar bilayer profile in the
vicinity of the inclusion, which means that the curvature
stress can “drive” a protein conformational change even
though GMEC
con (u0)min 0; but the inclusion can “tap” only
a small fraction of the energy.
Fig. 9 b shows the corresponding results with u0 as a free
parameter (c0  0.1 nm
1). The situation is similar to that
in Fig. 9 a, except that GMEC
con (u0) is constant. Gdef
con(u0) is
always positive, and the global minimum occurs for u0  0
(when c0  0).
Scaling relations
We have illustrated the energetic and conformational con-
sequences of a nonzero monolayer equilibrium curvature on
a “standard inclusion” in a SOPC bilayer. But the bilayer
deformation energy varies as a function of the bilayer me-
chanical properties as well as the inclusion dimensions. It
therefore is important to be able to estimate the bilayer
deformation energy for other systems. To this end, we
examine how the results obtained for our reference system
scale as a function of bilayer mechanical moduli and inclu-
sion dimensions (cf. the scaling relations in Nielsen et al.,
1998). Because the energy components are interdependent,
it also is important to know how this interdependence af-
fects the scaling relations. First, we investigate the interde-
pendence; then we deduce the scaling relations.
Fig. 10 shows Gdef,c00
con as function of Ka and Kc.
Because Gdef,c00  HBu0
2, the scaling properties can be
expressed as
HB  H*BKaK*a
na
(35)
and
HB  H*BKcK*c
nc
, (36)
where the superscript * denotes the chosen reference pa-
rameters. In Eqs. 35 and 36, na is determined by varying Ka
for fixed Kc (Fig. 10 a) and vice versa for nc (results not
shown). Similar results were obtained for Gdef,c00
rel (results
FIGURE 9 Effects of c0 and u0 on Gdef
con. (a) Gdef
con(c0) for fixed u0
(0.1 nm) (—) together with its components: GCE
con(c0) (– –), GSD
con(c0)
(. . . . . .), and GMEC
con (c0) (–––). (b) Gdef
con(u0) for fixed c0 (0.1 nm
1)
(—), together with its components: GCE
con(u0) (– –), GSD
con(u0) (. . . . . .),
and GMEC
con (u0) (–––).
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not shown). Gdef,c00 is proportional to HB, and a twofold
increase in HB increases Gdef,c00 by twofold. Similarly, a
twofold increase in both Ka and Kc causes a twofold in-
crease in Gdef,c00 (and HB). One therefore would expect
that na  nc  1. Indeed, na  nc  1 when both Ka/K*a 
1 and Kc/K*c  1. But when either Ka/K*a  1 or Kc/K*c 
1, na  nc  1, a result that arises because, when Kc 3 0
(and therefore GSD 3 0), GCE will be finite as long as
Ka  0, and vice versa. In the limit when Kc  0 (and Ka 
0), na  1; correspondingly, when Ka  0 (and Kc  0),
nc  1 (Fig. 10 b). Because GSD and GCE are functions
of both moduli, the energy terms are interdependent, which
is evident in Fig. 10 c, which explains why na  nc  1.
(Actually, na  nc will always be 1). For s  smin, na
varies by less than 5% for Kc/K*c ranging between 0.1 and
10, and nc varies by 5% for Ka/K*a ranging between 0.1
and 10. For s 0, the corresponding variations are less than
15%.
The situation is more complex when c0  0 because the
simple spring model is no longer sufficient to describe the
system. In this case scaling relations for the ai coefficients
(Eq. 9) provide a more useful framework for evaluating
Gdef. Fig. 11 shows a1, a2, and a3 as functions of Ka, Kc,
r0, and d0. The ai(Kx) relations can be described by expres-
sions of the form (solid lines in Fig. 11)
ai aiKxK*x
nx, i
 aˆi , (37)
where the subscript x  a, c; i  1, 2, 3; and a*i  ai  aˆi.
Table 5 summarizes results for nx,i, ai, and aˆi obtained by
least-squares fitting to the results shown in Fig. 11, a and b.
Except for aˆi when K  Ka, aˆi/ai  1. The ai(d0) and ai(r0)
relations (Fig. 11, c and d) can be described by similar
expressions:
ai aid0d*0
nd, i
 aˆi (38)
and
ai air0r*0
nr, i
 aˆi , (39)
where a*i  ai  aˆi. The estimates for ni, ai, aˆi, and ni also
are listed in Table 5. Similar scaling relations can be derived
for the CE and SD coefficients a1
CE, a2
CE, and a3
CE and a1
SD,
a2
SD, and a3
SD; the results are summarized in Tables 6 and 7.
FIGURE 10 Scaling relations. (a) The relation between Gdef,c00
con and
Ka/K*a for Kc/K*c values ranging between 0.1 and 10, which allows for
determination of na (the corresponding figure for nc is similar; not shown).
Each point denotes an evaluation of Eq. 4 for the reference system (u0 
0.1 nm) and the indicated modulus. The lines are nonlinear fits to a(Ka/
K*a)
na  aˆ with mean value na  0.721 (
2  0.01). (b) na versus Kc/K*c for
Ka  K*a (■) and nc versus Ka/K*a for Kc  K*c (Œ). Each point corresponds
to an n value as determined in a. (c) na (■) and nc (Œ) for different ratios
of Ka/K*a or Kc/K*c for s  0 (—) and s  smin (––––). Lines denote fits to
a power relation y  axb  c, where 0.04  b  0.002. For the unity
ratios: na(s  0)  0.714, na(s  smin)  0.748, nc(s  0)  0.342, and
nc(s  smin)  0.260.
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To use the scaling relations, consider an inclusion with
the dimensions of a gA channel embedded in a GMO
bilayer. The gA system is important because it provides a
direct link between the theoretical predictions and experi-
mental reality (Lundbæk and Andersen, 1999; Andersen et
al., 1999). Using Table 5 (and Tables 2 and 3), a1 
124.7kT/nm2; a2  126.3kT/nm; and a3  45.8kT. The
spring constant estimates for the GMO  gA system are
HB
con  31.2kT/nm2 and HB
rel  9.4kT/nm2 (and smin 
0.138), which should be compared with direct evaluations
based on Eq. 2: HB
con 30.3kT/nm2; HB
rel 10.1kT/nm2; and
smin0.122. The scaling relations are accurate to10%.
The spring constant estimates also should be compared with
the experimentally determined spring constant HB 
28.3kT/nm2 (Lundbæk and Andersen, 1999), which sug-
gests that the appropriate boundary condition is s  0.
DISCUSSION
The lipid bilayer components of cellular membranes are
permeability barriers. But phospholipid extracts from bio-
FIGURE 11 Scaling relations for a1, a2, a3. (a) Results for Ka/K*a. (b) Results for Kc/K*c. (c) Results for d0/d*0. (d) Results for r0/r*0. The points denote
evaluations of Eq. 9 based on evaluations of Eq. 4 for the reference system (u0  0.1 nm), with the indicated modulus varied and s varying in increments
of 0.01 from 1 to 1. The lines are nonlinear fits to Eqs. 37–39 (2  0.01). The parameters are listed in Table 5.
TABLE 5 Parameterization of Gdef,c00
i aa,i aˆa,i na,i ac,i aˆc,i nc,i ad,i aˆd,i nd,i a r,i aˆr,i nr,i
1 344.5 10.5 0.721 308.5 46.5 0.348 347.0 8.0 1.430 278.0 77.0 1.023
2 476.2 18.5 0.479 479.0 16.0 0.558 478.6 16.4 0.951 448.6 46.4 0.926
3 294.2 6.2 0.249 290.2 1.5 0.742 294.6 6.6 0.498 297.4 9.4 0.992
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logical sources may not form a bilayer phase (Luzzati and
Husson, 1962), which could indicate that nonlamellar
phases, and the Gaussian curvature energy, have important
biological functions (Cullis and deKruijff, 1979). Except,
maybe, in the case of bilayer fusion and vesicle budding, the
biological role of nonbilayer structures remains elusive,
and, as shown in the Appendix, the Gaussian curvature
component to Gdef is negligible for inclusion-induced de-
formations. Moreover, the propensity to form nonbilayer
structures cannot be the sole determinant of the bilayer
control of membrane protein function because the function
of membrane proteins is altered by maneuvers that primarily
alter the propensity to form nonbilayer phases (Navarro et
al., 1984; Brown, 1994; McCallum and Epand, 1995) or the
bilayer thickness (Caffrey and Feigenson, 1981; Johannsson
et al., 1981; Criado et al., 1984). In fact, GCE and GSD
are comparable (Figs. 5, 7, and 9), and it is the sum of these
interdependent contributions to Gdef that determines the
bilayer component’s modulation of membrane protein func-
tion. Descriptions that emphasize only the bilayer thickness
or the curvature frustration will be incomplete.
The theory of elastic bilayer deformations provides a
general framework for understanding how changes in lipid
bilayer composition can modulate the function of integral
membrane proteins. The apparent complexity of the theory,
however, has been an obstacle for quantitative estimates of
the bilayer deformation energy associated with conforma-
tional changes in membrane proteins, estimates that are
needed to provide mechanistic insights. To overcome this
obstacle we used a parametric description of the inclusion-
induced deformation energy and its decomposition into two
underlying components: the monolayer bending energy and
the bilayer compression energy. This decomposition is a
continuum approximation; but it constitutes a framework
for analyzing inclusion-induced bilayer deformations that,
subject to the choice of boundary conditions, is in good
agreement with experimental results (Huang, 1986; Lund-
bæk and Andersen, 1999). The relevant deformation ener-
gies can be considerable, meaning that the bilayer material
properties (and thus the bilayer lipid composition) can exert
significant effects on protein function.
First, we discuss the issues of monolayer equilibrium
curvature, boundary conditions, and scaling relations. Next,
we discuss how the bilayer material properties can modulate
membrane protein function. Finally, we briefly address
some issues relating to multicomponent bilayers.
Boundary conditions, scaling relations, and
monolayer equilibrium curvature
The present analysis confirms and extends previous theo-
retical studies (Huang, 1986; Helfrich and Jakobsson, 1990;
Ring, 1996), which show that the bilayer deformation en-
ergy depends on the choice of boundary conditions at the
inclusion/bilayer boundary. Experimental support for the
coupling between the splay-distortion and compression-ex-
pansion components of Gdef was provided by Kirk and
Gruner (1985), who showed that a modest amount of tetra-
decane shifts the lamellar 3 HII transition temperature, Tc,
of dioleoylphosphatidylethanolamine by 30°C. This shift
in Tc arises because tetradecane can redistribute freely
within the system and thereby release the curvature stress by
minimizing the lipid packing constraints, which include a
compression-expansion energy component, in the HII phase.
In effect, the presence of tetradecane changes the boundary
value problem from being constrained to being relaxed. A
similar conclusion was reached by Lundbæk and Andersen
(1999), based on analysis of the variation of the gA channel
lifetime as a function of bilayer thickness.
That Gdef depends on the choice of boundary condition
at r0 should be expected because spectroscopic studies show
that lipids adjacent to gramicidin channels (in bilayers with
gramicidin/lipid mole fractions less than 1/15) are perturbed
by the presence of the inclusion (Rice and Oldfield, 1979;
Ge and Freed, 1993). Molecular dynamics studies similarly
show that acyl chain motions are restricted by the inclusion,
which causes the acyl-chain order parameter to increase and
TABLE 6 Parameterization of GCE,c00
i aa,i aˆa,i na,i ac,i aˆc,i nc,i ad,i aˆd,i nd,i a r,i aˆr,i nr,i
1 242.9 5.1 0.730 220.2 27.8 0.323 244.0 4.0 1.453 211.3 36.7 1.015
2 221.5 6.5 0.488 221.1 6.9 0.542 222.1 5.9 0.972 209.3 18.7 0.978
3 72.7 0.3 0.251 73.3 0.3 0.753 72.8 0.2 0.500 73.6 0.6 0.992
TABLE 7 Parameterization of GSD,c00
i aa,i aˆa,i na,i ac,i aˆc,i nc,i ad,i aˆd,i nd,i a r,i aˆr,i nr,i
1 101.9 5.1 0.698 91.6 4.0 0.395 103.0 4.0 1.379 67.0 40.0 1.054
2 254.9 12.1 0.470 258.2 8.8 0.571 256.7 10.3 0.933 240.9 26.1 0.872
3 221.5 6.5 0.249 217.0 2.0 0.738 221.8 6.8 0.497 223.8 8.8 0.992
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the chains to extend (Chiu et al., 1999). This perturbation of
the local lipid dynamics and packing incurs an energetic
cost, which is not included in the standard continuum anal-
ysis of Gdef.
Another uncertainty is whether one can justify the neglect
of higher order terms in the expression for Gcontinuum
(Helfrich, 1981), and whether the continuum values of Ka
and Kc are appropriate for describing bilayer deformations
at the small length scales that pertain to inclusion-induced
deformations (Helfrich, 1981; Partenskii and Jordan, 2000).
That is, unless there is a fortuitous cancellation of errors, the
bilayer deformation energy will differ from the conven-
tional continuum contribution (as determined from Eq. 2,
using Eqs. 3a–d).
In the present work, we maintain the framework provided
by the continuum analysis, and we lump the above uncer-
tainties together in our choice of boundary conditions,
where we constrain the slope of the deformation profile at
r0. The particular choice for the constrained boundary con-
dition (Eq. 3f) can be justified by noting the following: first,
when c0  0 the s  0 condition is a limiting value based
on geometric arguments of the constraints on the acyl chain
motion; and second, the s  0 condition leads to a spring
constant that agrees with experimental results (Lundbæk
and Andersen, 1999). In addition, we avoid introducing
currently unknown, and therefore arbitrary, parameters to
describe the energetics of the local lipid packing. Neverthe-
less, how well is this slope determined? A priori, the hy-
drophobic penalty for moving a phospholipid molecule into
or out of the bilayer by 0.07 nm, corresponding to one
CH2 in each acyl chain, is 2.3kT, meaning that the mem-
brane-solution interface is dynamic. Neutron diffraction,
x-ray, and molecular dynamics studies show, in fact, that the
membrane-solution interface fluctuates (Wiener and White,
1992; Woolf and Roux, 1996), and both the unperturbed and
perturbed bilayer thicknesses denote average values. Other
measured bilayer properties, including Ka and Kc, similarly
are average values. Molecular dynamic simulations show,
however, that the local fluctuations close to an inclusion are
less than those in the unperturbed bilayer (Petrache et al.,
2000), which suggests that one can define a slope for the
deformation profile at r0, even if the precision with which
the slope is known depends on the time scale of interest.
The monolayer equilibrium curvature and the bilayer
material moduli are determined by the profile of intermo-
lecular forces through the component monolayers (e.g.,
Helfrich, 1973; Helfrich, 1981; Petrov and Bivas, 1984;
Seddon, 1990). Lipid packing adjacent to an inclusion will
be determined by the intermolecular interactions at the
inclusion/bilayer boundary. The overall effects of the pro-
file of intermolecular interactions often is expressed in
terms of the effective molecular “shape” of the component
lipids (e.g., Seddon, 1990), which in turn can be related to
the monolayer equilibrium curvature. In the absence of
knowledge about the interactions between the inclusion and
the surrounding lipids, we assume they are similar to the
interactions among lipid molecules. This is equivalent to
assuming that the unperturbed shape of the annular lipids is
similar to that of the bulk lipids in a relaxed monolayer.
The lipid organization at the inclusion/bilayer boundary
is constrained by the requirement that there cannot be a void
at the boundary. The value of s therefore will be determined,
in part, by the energetic penalty associated with having a tilt
between the bilayer normal and the director for the acyl
chains. (Specifically, there will be a restriction on the di-
rector along r. The acyl chains should be free to move
perpendicular to r; but their average position should average
out.) Limiting the discussion to cylindrical inclusions: when
c0  0, the lipids are effectively cylindrical and, if the
penalty for tilt is significant, then s 0 (Eq. 3e). When c0
0, the lipid effective shape is not cylindrical and a perfect
alignment implies that s 0. If there were no constraints on
lipid packing, the slope at the inclusion/bilayer boundary
would be determined by Eq. 3d. If there are constraints on
lipid packing, s can be approximated based on simple geo-
metric arguments (Eq. 3f). The actual value of s (for c0 0)
could differ from the estimate based on Eq. 3f because, for
any value of c0 (and any shape of the unperturbed lipid), the
effective lipid shape in an unperturbed planar bilayer will be
cylindrical (e.g., Andersen et al., 1999). That is, the lipid
molecules can change “shape.” Similar changes in lipid
shape could occur at the inclusion/bilayer boundary, in
which case s, and Gdef, will be somewhere between the
limiting estimates we provide.
In the biquadratic expression for Gdef,c00 (Eq. 9), the
coefficients a1, a2, and a3 are determined by the bilayer
mechanical properties (Ka, Kc, and d0) and the inclusion
radius r0 but are independent of boundary conditions. The
boundary condition dependence of Gdef,c00 arises be-
cause different combinations of a1, a2, and a3 will determine
the energy (for a fixed u0). Importantly, values for a1, a2,
and a3 can be estimated for other inclusion/lipid systems
using the scaling relations (Eq. 37–39). Because GMEC is
included in Gdef by simple addition (Eq. 8), it is possible
to obtain a complete and general solution to the energetic
consequences of inclusion-induced bilayer deformations.
The difference in Gdef for the two boundary conditions
(Fig. 5 versus Figs. 7 a and Fig. 9 b) is that the curvature
stress, the Kcc0
2r dr contribution to Gdef, cannot be
tapped effectively in the case of the constrained boundary
condition, where the local curvature required to eliminate
voids in lipid packing adjacent to the inclusion will be of a
sign opposite that of c0, and GMEC
con  2Kcc0
2r0RHead will
always be greater than or equal to 0.
When Gdef is evaluated using either boundary condition
(s  RHeadc0 or s  smin), the relation between Gdef and c0
depends on the assumption one makes for u0. For physio-
logically relevant situations, u0 is invariant with respect to
changes in c0 and Gdef is a second-order polynomial in c0
(Eqs. 17 and 28). Only when u0 varies as a function of c0
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will Gdef be a quadratic function of c0 (Eqs. 18b and 29b).
Even then, the Gdef(c0) relations differ from predictions
based on the Kcc0
2/2 energy density. Most of the deformation
energy is due to the bilayer deformation within the first
annulus of lipid molecules around the inclusion (Nielsen et
al., 1998), i.e., within an area approximately equal to
4r0R0 (17 nm
2 for the reference inclusion). For c0  0.1
nm1, Kcc0
2/2  0.11kT/nm2 for SOPC bilayers, and the
local curvature stress in the first annulus is 1.9kT. For
comparison, if u0  0.1 nm then GMEC
rel  6.6kT (and
Gdef
rel 3.7kT) and GMEC
con (2Kcc0
2r0R0) 2.0kT (and
Gdef
con  8.6kT).
Lipid bilayer mechanics, boundary conditions,
and protein function
Both Gdef
rel (03 u0min) (Eq. 20) and Gdef
con(03 u0min)
(Eq. 31) are less than or equal to 0, which means that the
curvature stress associated with a c0 0 can “drive” protein
conformational changes. For the relaxed boundary condi-
tion, a c0  0 promotes a local inclusion-induced bilayer
thinning (Fig. 7 b). For the constrained boundary condition,
a c0  0 will impede this local thinning (Fig. 9 b). In either
case, the value of u0 for which Gdef(u0) is a minimum will
be proportional to c0, and the minimum value of Gdef will
be proportional to c0
2; but one cannot predict how changes in
c0 will affect membrane proteins without knowing the ap-
plicable boundary condition.
To illustrate the coupling between bilayer mechanics and
protein function, we note that the conformational changes
that occur in the bilayer-spanning part of integral membrane
proteins most likely involve sliding or tilting motions be-
tween transmembrane helices (or domains) (Unwin, 1989;
Kaback and Wu, 1997; Sakmar, 1998). The close 7 open
transition in gap junction channels, for example, involves a
tilt of the domains by 7–8° (Unwin and Ennis, 1984),
corresponding to a length change of 0.3 Å. Both the
closed and open states are likely to perturb the surrounding
bilayer, with bilayer deformation energies Gdef,c and
Gdef,o, and the bilayer-dependent contribution to the free
energy change of the close 7 open transition is
Gdef Gdef,o Gdef,c , (40)
The channel open probability (PO) is
PO
1
1 K*c7o exp	Gdef/kT

, (41)
where K*c7o is the intrinsic equilibrium constant of the
close7open transition. Equations 40 and 41 provide for a
mechanistic link between the bilayer material properties and
membrane protein function.
The energetic consequences of changes in monolayer
equilibrium curvature are qualitatively different for the re-
laxed and the constrained boundary conditions (see Re-
sults). This difference is striking when the equilibrium dis-
tribution between different protein conformations is
examined, where one needs to know how Gdef,o, Gdef,c,
and Gdef(Gdef,o  Gdef,c) vary as a function of c0.
Consider a protein conformational change similar to the
open7 close transition in a gap junction channel (Table 3).
For the relaxed boundary condition,
Gdef
rel 	c0
 a2Kcr0	lo lc
2a3 cc a1 a2
2
4a3

 	lo lc 2d0
	lo lc
4 . (42)
Gdef
rel is composed of two terms: a c0-dependent term,
which is not explicitly d0-dependent (a2 and a3 vary with d0)
and varies as a function of lo  lc, the difference in length
between the two conformations; and a d0 (and lo  lc)-
dependent term, which does not depend on c0.
When d0  2.8 nm (and c0  0), Gdef,o
rel  Gdef,c
rel and
Gdef
rel  0, as the shorter (open) conformation causes a
smaller bilayer deformation than the longer conformation.
When d0  3.0 nm (and c0  0), Gdef,o
rel  Gdef,c
rel and
Gdef,c00
rel  0, as the two conformations give rise to the
same deformation energy. When d0  3.2 nm (and c0  0),
Gdef,o
rel  Gdef,c
rel and Gdef,c00
rel  0, as the open con-
formation causes a larger bilayer deformation than the
closed conformation.
For the constrained boundary condition,
Gdef
conRHeada2	lo lc
2 c0
 a1	lo lc 2d0
	lo lc
4 . (43)
When c0 0, the Gdef
con(d0) changes will be similar to, but
of larger magnitude than, the changes in Gdef
rel (d0). The
qualitative dependence of Gdef
con on d0 is similar to that of
Gdef
rel , but the c0-dependent contribution to Gdef
con has a
sign opposite that of Gdef
rel and does not depend explicitly
on Kc (there is an implicit Kc dependence, which arises from
the Kc dependence of a2). It is important to know the
applicable boundary condition at r0 before predicting the
effects of a change in monolayer equilibrium curvature on
protein function.
For either boundary condition, a c0  0 will alter both
Gdef,o and Gdef,c (and Gdef) and hence the equilibrium
distribution between the two conformations. Because
Gdef is a linear function of c0 (cf. Eqs. 42 and 43), with
a slope proportional to lo  lc, a given change in c0 will
have different consequences for different membrane pro-
teins.
The importance of the boundary condition is illustrated in
Fig. 12, which shows how Gdef and PO (Eq. 41) vary as
functions of c0. Fig. 12, a and b, shows results for the
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relaxed boundary condition (Eqs. 41 and 42). When c0  0,
a change in u0 by only 0.2 nm has a measurable effect on the
closed7 open equilibrium (or PO); similar effects occur for
c0  0. Fig. 12, c and d, shows results for the constrained
boundary condition (Eqs. 41 and 43). The opposite slopes of
the Gdef
rel (c0) and Gdef
con(c0) relations are reflected in the
different behavior of the PO(c0) relations. When c0  0, the
equilibrium distribution between the two conformational
states is more sensitive to changes in bilayer thickness in the
case of the constrained as compared to the relaxed boundary
condition.
Cholesterol addition increases Ka and Kc of SOPC bilay-
ers (Needham and Nunn, 1990) and changes d0 and c0 as
well (Tilcock et al., 1984; Nezil and Bloom, 1992). We can
evaluate how these changes in bilayer properties alter Gdef
and Gdef, using the scaling relations (Eqs. 37–39); the
results are in good agreement with the directly calculated
results (Fig. 13). As one would expect, the presence of
cholesterol alters the c0 dependence of the equilibrium dis-
tribution between protein conformational states in a manner
that depends on the boundary condition at r0.
For the relaxed boundary condition, the addition of cho-
lesterol (1:1) to SOPC preserves the general features of the
Gdef
rel (c0) relation as compared with the SOPC bilayer
(Fig. 13 a) but shifts the midpoint of the PO(c0) relation
toward positive c0 (Fig. 13 b). For a DOPC bilayer, the
smaller values for the mechanical moduli lead to an in-
creased sensitivity to c0, as compared with SOPC (Fig.
13 a). In addition, the decrease in d0 shifts the midpoint for
the PO(c0) relation toward negative c0, because the second
(constant) terms in Eqs. 40 and 41 are nonzero when d0 
3.0 nm (Fig. 13 b). For the constrained boundary condition,
the addition of cholesterol (1:1) to SOPC increases the
sensitivity of the Gdef
con(c0) relation as compared with the
pure SOPC bilayer (Fig. 13 c) and shifts the midpoint of the
PO(c0) relation toward negative c0 (Fig. 13 d). For a DOPC
FIGURE 12 Gdef (Eqs. 42 and 43) and PO (Eq. 41) as functions of c0 and d0 for a gap junction-like protein with lo  lc  0.03 nm. (a) Gdef
rel
with d0  2.8 (—), d0  3.0 (– –), and d0  3.2 nm (. . . . . .). (b) The associated PO; as in a. (c) Gdef
con; as in a. (d) The associated PO; as in a.
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bilayer, the sensitivity of the Gdef
con(c0) relation is de-
creased as compared with SOPC (Fig. 13 b), and the mid-
point for the PO(c0) relation is shifted toward positive c0
(Fig. 13 d).
For either boundary condition, Gdef is composed of a
c0-dependent and a c0-independent term (Eqs. 42 and 43).
For constant r0, the curvature-dependent terms are linear in
c0; but the slope of the relation will vary as a function of the
inclusion dimensions, the bilayer mechanical properties,
and the choice of boundary conditions. The c0-independent
terms in Eqs. 17 and 27 are identical to Eqs. 11a and 13a,
and the c0-independent contributions to Gdef (Eqs. 42
and 43) are identical to the corresponding expressions de-
rived from Eqs. 11a and 13b. That is, it is possible to
determine the spring constant experimentally, using the
methods described by Andersen et al. (1999) and Lundbæk
and Andersen (1999).
Changes in d0 have only modest effects on the c0 depen-
dence of Gdef (Eqs. 42 and 43) because the d0 depen-
dence of the c0-dependent term is introduced only through
a3, which is a weak function of d0 (Table 5). Nevertheless,
changes in d0 may shift the inflection point of the PO(c0)
curves, because of changes in u0. This is seen in Fig. 13,
where the open gap junction channel produces the least
deformation in DOPC bilayers, as compared with SOPC
and SOPC:Chol bilayers. Consequently, PO(0) is highest in
DOPC bilayers. This coupling between the effects of c0 and
d0 (or u0) on Gdef shows that the bilayer is a, perhaps
surprising, dynamic environment.
Finally, GMEC can be interpreted as a line tension that
will tend to increase or decrease r0 (Dan and Safran, 1998).
Should the curvature-dependent changes in Gdef be inter-
preted as being due to a lateral pressure imposed on the
protein by the bilayer rather than the bilayer compression?
FIGURE 13 Bilayer deformation energy and membrane protein function. The Gdef(c0) and PO(c0) relations were calculated using Eqs. 40–43 and the
scaling relations Eqs. 37–39. (a) Gdef
rel (c0) for lo  lc  0.03 nm in SOPC, d0  3.0 nm (—); SOPC:Chol, d0  3.3 nm (– –); and DOPC, d0  2.6
nm (. . . . . .). (b) P0(c0) relations determined using the Gdef
rel (c0) values in a (curves as in a). (c and d) The corresponding Gdef
con(c0) and associated Po(c0)
relations (curves as in a). The three points in b and d denote the specific solutions for c0  0 for SOPC (indicated by ); c0  0.16 nm
1 for SOPC:Chol
(indicated by ‚); and c0  0.16 nm
1 for DOPC (indicated by ƒ) (the c0 values for SOPC:Chol were estimated from the method of Rand and Parsegian
(1997)).
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Given that a change in c0 results from a change in the profile
of intermolecular forces through each monolayer, which
usually also will alter Ka and Kc, a change in c0 will be
associated with a change in the lateral pressure exerted on
the protein (Cantor, 1997, 1999). These changes in lateral
pressure, however, have a minimal impact on Gdef (or
Gdef) unless r0 changes dramatically. For nonisovolumic
changes, such as the opening and closing of mechanosen-
sitive channels, the consequences of the resulting change in
r0 can be evaluated from the scaling relation in Eq. 38: a
10% change in r0 relative to the reference situation (cf.
Sukharev et al., 1999) will change Gdef by less than 7%.
That is, the u0-dependent changes in Gdef will dominate
the r0-dependent changes.
Multicomponent bilayers
The present analysis depends on the assumption that the
bilayer can be treated as a uniform homogeneous, single-
component continuum. Multicomponent bilayers have ad-
ditional degrees of freedom, which may contribute to the
minimization of Gdef by allowing for a Gdef-driven lipid
redistribution close to the inclusion. This is particularly
important for the constrained boundary condition, where the
magnitude of Gdef easily becomes so large that it could
cause a significant, local redistribution of the bilayer com-
ponents, which would tend to reduce the magnitude of
Gdef. For solvent-containing bilayers, the packing con-
straints would be relieved by the redistribution of solvent
molecules (cf. Kirk and Gruner, 1985), in which case the
appropriate boundary condition should be close to s  smin
(Lundbæk and Andersen, 1999). In the case of bilayers
made of lipids of different length or shape, the Gdef could
be minimized by a local accumulation of lipids that pack
optimally around the inclusion (Maer et al., 1999). Care
must be taken when evaluating the effects of boundary
conditions and monolayer equilibrium curvature on Gdef in
multicomponent bilayers. It is necessary to have experimen-
tal determinations of the bilayer response to well-defined
inclusion-induced deformations. Eventually, it will be nec-
essary to approach the problem of protein-bilayer interac-
tions by explicitly incorporating not only the (static and
dynamic) details of lipid packing at the protein-bilayer
boundary, but also the radial distribution of the different
membrane components around the protein in question (cf.
Sperotto and Mouritsen, 1993).
APPENDIX
The Gaussian curvature GGC can be evaluated as a function of s (Ring,
1996):
GGCKc
r0

c1c2r dr

2
Kc
s2
1 s2
. (A1)
Kc/Kc has been estimated to be 0.048 in a 2:1 (mol:mol) hydrated mixture
of lauric acid and dilauroylphosphatidylcholine in the bicontinuous Im3m
(Q229) phase at 60°C (Templer et al., 1994). For hydrated glycerolmo-
nooleate in the Ia3d (Q230) phase, Kc/Kc  0.032 at 35°C (Chung and
Caffrey, 1994). Making use of the fact that the available experimental
estimates of Kc/Kc  0.05,
GGC

2
Kc s21 s22 0.05Kc s
2
1 s2. (A2)
For s  0, GGC  0; for s  smin, GGC can be expressed using Eq. 12:
GGC

2
0.05Kc 	u0a2/2a3
21 	u0a2/2a3
2
  0.025Kc	a2/2a3
2u0
2 . (A3)
The rightmost part of A3 has the form of Eq. 14, but with an apparent
spring constant that is Kc(a2/a3)
2/640 (or 0.3kT/nm2 for SOPC bilay-
ers). This value should be compared with the spring constants derived from
the SOPC moduli (HB
con  88.8kT/nm2 and HB
rel  35.6kT/nm2; see text).
The Gaussian curvature energy contribution to Gdef will be 1%. Even
if K c were underestimated by an order of magnitude, GGC would be a
modest contribution to Gdef; one can disregard contributions from the
Gaussian curvature and limit the analysis to the effects of the mean
curvature only.
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